Let V be an integral normal complex projective variety of dimension n 3 and denote by L an ample line bundle on V. By imposing that the linear system L contains an element A 
Introduction
Projective manifolds with an irreducible hyperplane section being a special variety have been studied since longtime (see, e.g., [2] and [6] ), but the corresponding study for a reducible hyperplane section consisting of a simple normal crossing divisor whose components are special varieties started only recently by Chandler, Howard and Sommese [3] . Therefore, we continue here the study of varieties in terms of a hyperplane section A which is not irreducible, assuming that A is a union of distinct irreducible components A 1 , , A r , with r 1. More precisely, let V be an integral normal complex projective variety of dimension n 3 endowed with an ample line bundle L. Assume that ( ) L contains an element A A 1 ¡ ¡ ¡ A r , r 1, where all the components A i are distinct and effective Cartier divisors with Pic(A i ) of rank one. Let us observe here that this assumption is a natural generalization of the classical hypothesis Pic(A ¼ ) on a hyperplane section A ¼ of V. Furthermore, if ( ) holds then every component A i of A ¾ L does not admit a non-trivial morphism onto a variety W i with 0 dim W i n 1 and in general, also for the smooth case, the main known results on reducible hyperplane sections (see, e.g., [3] ) can not be applied on any of the A i 's. However, we can show that if a reducible subvariety A as in ( ) is contained in V as an ample divisor, then it imposes severe restrictions to V, that is, the topological and geometric structures of V are very closely related to those of each The above result shows that assumption ( ) implies that all the components A i of A are either ample, or at worst big and 1-ample in the sense of [15, (1.3) ]. By imposing some restrictions on the singularities of V, we are able to deduce that all the A i 's are in fact ample Cartier divisors on V. Furthermore, under some additional hypotheses on V and on some A i , we can finally obtain that Pic(V) ¿ for an ample line bundle ¿ on V (Corollary 3.1).
All of these results allow us to list in §4 some consequences about the positivity of the A i 's and to obtain similar results as in [1, Theorem 1] (see also [14, Proposition VI] ) for the case of reducible ample divisors on V (Propositions 5.2 and 5.3).
We would like to note that the above results make use of weak hypotheses on V and on each A i , and that ( ) seems optimal a priori for Theorems 1.1 and 1.2, since easy examples show that these results do not hold assuming that Pic(A i ) H i for some i 1, , r , also when r 2 and V is smooth (Remark 3.2). Moreover, the techniques we employ in §3 leave out of account any special polarization on each A i by a (very) ample line bundle on V and they allow us to assume that L is simply ample and not necessarily ample and spanned or very ample on V.
Finally, as a by-product of §4 and some results obtained by many other authors about smooth complex projective variety X containing ample divisors of special type (e.g., [1] , [2] , [6] , [7] , [9] , [10] , [11] , [14] ), in §5.1 we obtain similar results as in [ 
Notation
Let V be an integral normal complex projective variety of dimension n 3 endowed with an ample line bundle L. All notation and terminology used here are standard in algebraic geometry. We adopt the additive notation for line bundles and the numerical equivalence is denoted by , while the linear equivalence by ³. The pull-back £ F of a line bundle F on V by an embedding Ï Y¸ V is sometimes denoted by F Y . We denote by K V the canonical bundle of V. For such a polarized variety (V, L), we will use the adjunction theoretic terminology of [2] and we say that V is an n-fold (denoted by X ) when V is smooth. 
Moreover, since A is a connected divisor on X (see [8, III 7.9] ), for every j 1, , r
with 1 s n 1. Note that a j j 0, a kk 0, a k j 0 and a jk 0. Moreover, from the equations (1) with s 1, 2 we deduce that
a jk a k j a j j a kk .
So we get
ss l s (non-negative terms) 0, for every s 1, , r . Furthermore, for j k we have also the following equations
Since by (2) we get (4), (5) and (6), we obtain that
for every k and j such that A j A k û.
Thus, by [2, (2.5.4)] we see that there exists a rational number jk such that A j is numerically equivalent to jk A k . Since from (2) it follows that A k meets all the other components of A, by an inductive argument we get
where k Ï 1k ¡ ¡ ¡ kk ¡ ¡ ¡ r k 1 and the symbol denotes suppression.
we have that jk 0 for every j k and from (7) it follows that k 1, i.e. A k is an ample Cartier divisor on V for any k 1, , r . By combining this with Theorem 1.1, we obtain that every f i is an isomorphism. 
Then, for a suitable integer a 0, we have that L is ample on V and that there exists
smooth divisor on V. This example shows that if r 2 then the above results can not be improved by assuming in ( ) that Pic(A i ) for some i 1, , r , also when r 2 and V is a Fano n-fold with n 3.
Some immediate consequences
Let us collect here some results due to the different positivity of the components 
• (Lefschetz type theorems).
Then under the restriction map it follows that
and 
and for n i 1 ¡ ¡ ¡ n i k n, we get also
where i h ¾ {1, , r }; 
Proof. First of all, from Theorem 1.1 we deduce that the effective divisor D È A i h is nef and big on V. Thus (1), (2) and (3) By applying Theorem 1.1 also to the zero locus of special sections of k-ample vector bundles on an n-fold X for k 0 (see [15, §1] 
and the restriction maps H i (X, ) H i (A i , ) are injective with torsion free cokernel for i min{dim Z 2, n r k}.
Proof. From Theorem 1.1, we know that each A k is at worst 1-ample on Z . Thus by Corollary 4.1 (4), we have that
and the restriction maps H j (Z , ) H j (A i , ) are injective with torsion free cokernel for j dim Z 2. Moreover, from the Lefschetz-Sommese's theorem for k-ample vector bundles on an n-fold X (see [15, (1.16) ] and [13, (7.1.1), (7.1.9)]), we deduce that
for j n r k 1, and that the restriction maps H j (X, ) H j (Z , ) are injective with torsion free cokernel for j n r k. 
Ampleness of the
where N is any nef divisor on V; 
Some applications
Here are two applications. 
All the
By Hartogs' lemma (see, e.g., [4, (11.4 
)]), this gives N
. Therefore, if A k is not ample, then we deduce that there exists an 
, where s is a positive integer such that
Since V 1 is É-factorial and Pic(V 1 ) , by Lemma 5.1 we deduce that f 1 is an isomorphism and Pic(V) . Therefore, A 1 is an ample divisor on V and by applying now [1, Theorem 1] to the pair (V, A 1 ), we get that 
This gives the following three possibilities: In (1), since n 5 and Pic(X ) H 1 , by [2, (8.10.1) ] (see also [6] , [9] , [11] ) we deduce that (X, H 1 ) is one of the following pairs: 
i.e. K X 5H 1 can not be ample on X . So by [10] , [6] 
for a suitable integer a 1. Moreover, note that
Thus by adjunction we obtain that b(a 1 5) a(b 1 deg E 2), c(a 1 5) ).
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